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Abstract

The dynamic stability of a semi-circular pipe conveying harmonically oscillating fluid is investigated in this study. For

analysis, harmonically oscillating flow is regarded as a parametrically excited system with time-varying coefficients.

Considering the extensibility and nonlinearity of the semi-circular pipe, the equations of motion and the associated

boundary conditions are obtained by using the extended Hamilton principle. Applying Floquet theory to the derived

equations, the stability of the pipe is analyzed for variations of the amplitude and oscillating frequency of the fluid velocity.

The effects of the mean value for the fluid velocity on the stability are also analyzed. It is found that the semi-circular pipe

may become unstable when the fluctuation frequency approaches some multiples or sum of the out-of-plane natural

frequencies. Furthermore, it is observed that the instability regions increase with the mean value of the velocity. The results

obtained via the stability analysis are verified by time responses computed by using a direct time integration method.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The dynamic analysis of pipes conveying fluid is of considerable interest in engineering, because these pipes
are widely used in various applications, e.g., refrigerators, air-conditioners, heat-exchangers, chemical plants,
hydropower systems, etc. For this reason, pipe dynamics has been investigated by many researchers over the
past 50 years. Even though most piping systems are composed of both straight and curved pipes, studies of
curved pipes are much less numerous than those of straight pipes.

An early analytical model of a curved pipe conveying fluid was suggested by Chen [1,2]. Under the
assumption that the centerline of the curved pipe is inextensible, he claimed that the curved pipe shows
instability similar to that of a straight pipe when the fluid velocity exceeds a certain critical value. However,
Hill and Davis [3] as well as Doll and Mote [4] found that a fluid-conveying curved pipe does not lose stability,
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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even for a high fluid velocity, if the centerline is extensible. To resolve this contradiction, Misra et al. [5,6]
analyzed two cases of fluid-conveying curved pipes with inextensible and extensible centerlines. They
concluded that the curved pipe model with an extensible centerline is more reasonable than the curved pipe
model with an inextensible centerline. After their studies were reported, the curved pipe model with an
extensible centerline has been widely used by many researchers. For example, Dupuis and Rousselet [7,8]
derived the nonlinear governing equations of curved pipes conveying fluid assuming an extensible centerline.
In Refs. [5–8], the equations of motion were derived with the fluid velocity based on Love’s kinematical
relations [9]. Since this velocity expression is valid only for the inextensible theory, Jung et al. [10] presented a
new expression for the fluid velocity for an extensible pipe and they derived the equations for a semi-circular
pipe conveying fluid. Recently, in-plane and out-of-plane motions of a semi-circular pipe conveying fluid with
constant velocity has been analyzed by Jung and Chung [11]. They discussed some modeling issues related to
the nonlinearity of the circumferential strain and stress. They recommend a model using the Lagrange strain
and a linearized stress to compute dynamic responses efficiently while still maintaining accuracy.

The dynamics of a pipe conveying harmonically oscillating flow has become an interesting research topic.
The fluid velocity in pipes of refrigerators or air-conditioners oscillates with a harmonic pattern because pump
pressure varies harmonically. Severe noise and vibration are often generated by harmonically oscillating flow
in a pipe system. In spite of the interest by engineers in curved pipes with harmonically oscillating flows, only a
few of studies on this topic have been performed. All of the studies mentioned above concern pipes conveying
fluid with constant velocity. Related to pipes conveying an oscillating flow, some researchers studied only
straight pipes, not curved pipes. Chen [12] examined the stability of a straight pipe conveying harmonically
oscillating flow and he found the possibility of parametric instabilities. Similarly, Paidoussis et al. [13,14] dealt
with the dynamic stability of straight pipes containing harmonically perturbed flow. On the other hand, Lee
and Chung [15] investigated the dynamics of piping system with internal unsteady flow. To the authors’
knowledge, the curved pipe with harmonically oscillating flow has not been analyzed yet.

The purpose of this study is to investigate the dynamic stability of a semi-circular pipe conveying
harmonically oscillating fluid. Assuming that the centerline is extensible, the nonlinear governing equations
for the semi-circular pipe are derived by using the extended Hamilton principle. In the equations, the fluid
velocity is regarded as a sinusoidal function with a non-zero mean value. Applying Floquet theory to the
equations of motion, the parametric instabilities due to harmonically oscillating fluid are investigated.
Furthermore, in order to verify the validity of the stability analysis, the dynamic time responses of the pipe are
computed by using the generalized-a time integration method [16].

2. Modeling

Consider a semi-circular pipe conveying fluid, shown in Fig. 1, which is clamped at both ends. The semi-
circular pipe has centerline radius R, the pipe mass density rp and the fluid mass density rf. The outer diameter
and thickness of the pipe cross section are represented by do and h, respectively. The XYZ coordinate system is
a space fixed inertial frame while the xyz coordinate system is a local coordinate system fixed at the centerline
of the un-deformed pipe. The orientations of these two coordinates are defined by the angle y measured
from the X-axis. The Z and z axes are perpendicular to the XY and xy planes and their directions follow the
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Fig. 1. Curved pipe conveying fluid with fluid velocity U(t): (a) top view; and (b) cross section.
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right-hand rule. The fluid conveyed by the pipe is assumed to be inviscid and incompressible and the flow in
the pipe is treated as an irrotational plug flow. Since the fluid velocity profile in the pipe is spatially uniform,
the fluid velocity U(t) can be represented by a prescribed function that varies harmonically with time.

In this study, the semi-circular pipe is modeled as an extensible Euler-Bernoulli beam. Since the pipe
diameter is small compared to both the centerline radius and the overall pipe length, the effects of the rotary
inertia and shear deformation are negligible. Therefore, the cross section perpendicular to the central axis or
the y-axis remains perpendicular to the central axis even after deformation. It is also assumed that the torsion-
induced warping of the cross section is negligibly small. According to the Euler–Bernoulli beam theory, the
displacements of a point on the pipe in the x, y, and z directions can be expressed as

ux ¼ uðy; tÞ þ zfðy; tÞ; uy ¼ vðy; tÞ þ xfiðy; tÞ � zfoðy; tÞ; uz ¼ wðy; tÞ � xfðy; tÞ, (1)

where u, v and w, are the radial (x-directional), circumferential (y-directional) and transverse (z-directional or
out-of-plane) displacements of an arbitrary point on the centerline, respectively; f is the twisting angle due to
torsion about the y-axis; fl is the rotation angle about the z-axis due to the in-plane bending deformation; and
fo is the rotation angle about the x-axis due to the out-of-plane bending deformation. It can be found from
Ref. [17] that the rotation angles fl and fo are given by

fiðy; tÞ ¼ �ðu
0 � vÞ=R; foðy; tÞ ¼ w0=R, (2)

where the prime ( )0 stands for the partial derivative with respect to y.
The geometrical nonlinearity considered in this study is due to the large deflection of the semi-circular pipe.

When the flexural pipe undergoes vibration, the displacements of the pipe are often large. For large pipe
deflections, the strains can be described by Lagrange strain theory which provides the nonlinear strain–
displacement relations. Using the Lagrange theory, the circumferential normal strain of a point on the
centerline can be written as

�cy ¼ �y þ
1
2
ð�yÞ

2
þ 1

2
ðfiÞ

2
þ 1

2
ðfoÞ

2, (3)

where �y is a linearized strain given by

�y ¼ ðuþ v0Þ=R. (4)

Note that the first term on the right-hand side of Eq. (3) is linear but the other terms are nonlinear. Since the
normal strain is related to both the in-plane and out-of-plane rotations, as shown in Eq. (3), the radial,
circumferential and transverse displacements are fully coupled to each other. On an arbitrary point in the pipe,
the circumferential normal strain may be represented by

�y ¼ �
c
y þ xf0i=R� zðf0o � fÞ=R. (5)

Even though the circumferential strain is nonlinear, the other non-zero strains, i.e., the shear strains, can be
treated as linear strains. The reason is because the nonlinearity in the shear strains is negligible under the
assumption that the plane cross section remains plane after deformation. Therefore, the linear shear strains
can be expressed as

gxy ¼ zðf0 þ foÞ=R; gyz ¼ �xðf0 þ foÞ=R. (6)

The stress–strain relations in the semi-circular pipe can be easily obtained by assuming that the material of
the pipe is homogeneous, isotropic, elastic and Hookean. Moreover, if the pipe is slender, in other words, if d0
is much smaller than R, not only the normal stresses sx and sz but the shear stress txz can also be neglected. In
this circumstance, the circumferential normal stress and two transverse shear stresses may be written as

sy ¼ E�y; txy ¼ Ggxy; tyz ¼ Ggyx, (7)

where E and G are Young’s modulus and the shear modulus of the pipe, respectively.
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3. Equations of motion

The strain energy of the semi-circular pipe is a function of the strains and stresses. The variation of the
strain energy for the pipe can be represented by

dV ¼

Z p

0

Z
A

ðsyd�y þ txydgxy þ tyzdgyzÞRdAdy, (8)

where d is the variation operator and A is the cross sectional area of the pipe. Introduction of Eq. (7) into
Eq. (8), after some manipulations, yields

dV ¼

Z p

0

½RQd�c
y þMxdf

0
i þMzdðf

0
o � fÞ þMydðf

0
þ foÞ�dy, (9)

where Q is the circumferential resultant force, Mx is the resultant in-plane bending moment, My is the
resultant twisting couple, and Mz is the resultant out-of-plane bending moment. These resultant force and
moments may be expressed as

Q ¼ EA�y; Mx ¼ EIðw00 � RfÞ=R2; My ¼ GJðRf0 þ w0Þ=R2; Mz ¼ EIðv� u0Þ=R2 (10)

in which I is the area moment of inertia about both the x and z axes and J is the polar area moment of inertia
about the y-axis.

To obtain the kinetic energy of the fluid-conveying semi-circular pipe, both the pipe velocity and the fluid
velocity need to be expressed in terms of displacements u, v, w, and f. After the pipe is deformed, the
displacement vector of a point in the pipe can be expressed as

r ¼ ðRþ xþ uxÞex þ uyey þ ðzþ uzÞez, (11)

where ex, ey, and ez are unit vectors corresponding to the x, y and z directions, respectively. Differentiation of
the displacement vector with respect to time, after substituting Eqs. (1) into Eq. (11), results in the following
expression for pipe velocity:

vp ¼ vp þ xð _fiey �
_fezÞ þ zð _fex �

_foeyÞ, (12)

where the superposed dot represents the partial derivative with respect to time and vp is the velocity of a point
on the pipe centerline given by

vp ¼ _uex þ _vey þ _wez. (13)

The material derivative of the displacement vector leads to a fluid velocity, which has been recently
introduced in Ref. [10]. As pointed out in Introduction, this fluid velocity is different form the velocity derived
from Love’s kinematical relations. The velocity obtained from the material derivative can be expressed as

vf ¼ vf þ xwz � zwx, (14)

where vf is the fluid velocity in the centerline of pipe; wx and wz are the angular velocities of the fluid cross
section about the x and z axes, respectively,

vf ¼ ½ _uþUðu0 � vÞ=R�ex þ ½_vþUðRþ uþ v0Þ=R�ey þ ½ _wþUw0=R�ez, (15)

wx ¼ �½
_fþ ðU=RÞðf0 þ foÞ�ex þ ½

_fo � ðU=RÞðf� f0oÞ�ey, (16)

wz ¼ �ðU=RÞ _fiex þ ½
_fi þ ðU=RÞð1þ f0iÞ�ey � ½

_fþ ðU=RÞf0�ez. (17)

When the torsional vibration is considered, the kinetic energy of the fluid-conveying pipe can be
expressed as

T ¼
1

2

Z p

0

ðmpvp � vp þ Im
_f
2
þmf vf � vf ÞRdy, (18)

where mp, mf and Im are the pipe mass, fluid mass and polar mass moment of inertia per unit pipe length,
respectively.
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The equations of motion and the associated boundary conditions for the semi-circular pipe conveying fluid
are derived by using the extended Hamilton principle [18]. For an open system with mass transport, the
extended Hamilton principle can be written asZ t2

t1

ðdT � dV þ dWnc � dMÞdt ¼ 0, (19)

where dWnc is the virtual work done by the non-conservative forces and dM is the virtual momentum
transport. The non-conservative forces do not exist during free vibration of the pipe, so the virtual work does
not need to be considered. However, the momentum transport should be considered in deriving the equations
of motion because the fluid can move across the pipe boundaries. For the given pipe system, the virtual
momentum transport can be expressed as

dM ¼ ½mf ðvf � drÞðUey � nÞ�
p
0, (20)

where n is an outward normal unit vector at the boundaries. Substituting Eqs. (9), (18) and (20) into Eq. (19),
the coupled nonlinear equations of motion for the semi-circular pipe conveying fluid are obtained as follows:

ðmp þmf Þ €uþ 2mf Uð _u0 � _vÞ=Rþmf U2ðu00 � u� 2v0Þ=R2 þmf
_Uðu0 � vÞ=Rþ EIðuiv � v000Þ=R4

þ ðEA=R2Þðuþ v0Þ þ ðEA=R3Þðu2 � uu00 � u0
2
þ 3uv0 þ u0v� u0v00 � u00v0 þ vv00 þ 2v0

2
Þ ¼ mf U2=R, (21)

ðmp þmf Þ€vþ 2mf Uð _uþ _v0Þ=Rþmf U2ð2u0 þ v00 � vÞ=R2 þmf
_Uðuþ v0Þ=Rþ EIðu000 � v00Þ=R4

� ðEA=R2Þðu0 þ v00Þ þ ðEA=R3Þð�3uu0 þ uv� 2uv00 � 3u0v0 þ vv0 � 2v0v00Þ ¼ �mf
_U , (22)

ðmp þmf Þ €wþ 2mf U _w0=Rþmf U2w00=R2 þmf
_Uw0=Rþ EIðwiv � Rf00Þ=R4

� GJðw00 þ Rf00Þ=R4 � ðEA=R3Þðuw00 þ u0w0 þ v0w00 þ v00w0Þ ¼ 0, (23)

Im
€f� EIðw00 � RfÞ=R3 � GJðw00 þ Rf00Þ=R3 ¼ 0. (24)

The associated boundary conditions are given by

u ¼ u0 ¼ v ¼ w ¼ w0 ¼ f ¼ 0 at y ¼ 0;p. (25)

Eqs. (21)–(24) predominantly represent the in-plane bending motion, the in-plane extensional motion, the
out-of-plane bending motion and the torsional motion, respectively. Hence, it can be said that in-plane motion
is governed by Eqs. (21) and (22) while the out-of-plane motions is governed by Eqs. (23) and (24). The
equations of motion, given by Eqs. (21)–(24), are the same as those of Model 3 presented in Ref. [11] when
_U ¼ 0. Model 3 uses the Lagrange nonlinear strain and a linearized stress to derive the equations of motion.
In addition, recall again that the fluid velocity expression obtained from the material derivative is used during
the derivation.

In order to generalize the analysis results for the semi-circular pipe, it is desirable to transform the equations
of motion into dimensionless equations. For this purpose, the following non-dimensional parameters are
introduced:

u� ¼
u

L
; v� ¼

v

L
; w� ¼

w

L
; t� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EI

ðmp þmf Þ

s
t

L2
; y� ¼

Ry
L
; U� ¼

ffiffiffiffiffiffi
mf

EI

r
LU ; o�n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mp þmf

EI

r
L2on,

m ¼
mf

mp þmf

; a ¼
AL2

I
; b ¼

GJ

EI
; c ¼

ðmp þmf ÞL
2

Im

, (26)

where L ¼ pR. Substitution of Eq. (26) into Eqs. (21)–(24) yields the following dimensionless equations of
motion:

€uþ 2
ffiffiffi
m
p

Uð _u0 � p_vÞ þU2ðu00 � p2u� 2pv0Þ þ
ffiffiffi
m
p _Uðu0 � pvÞ þ uiv � pv000

þ paðpuþ v0Þ þ aðp3u2 � puu00 � pu0
2
þ 3p2uv0 þ p2u0v� u0v00 � u00v0 þ pvv00 þ 2pv0

2
Þ ¼ pU2, (27)
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€vþ 2
ffiffiffi
m
p

Uðp _uþ _v0Þ þU2ð2pu0 þ v00 � p2vÞ þ
ffiffiffi
m
p _Uðpuþ v0Þ þ pu000 � p2v00

� aðpu0 þ v00Þ þ að�3p2uu0 þ p3uv� 2puv00 � 3pu0v0 þ p2vv0 � 2v0v00Þ ¼ �
ffiffiffi
m
p _U , (28)

€wþ 2
ffiffiffi
m
p

U _w0 þU2w00 þ
ffiffiffi
m
p _Uw0 þ wiv � pf00 � bðp2w00 þ pf00Þ � aðpuw00 þ pu0w0 þ v0w00 þ v00w0Þ ¼ 0, (29)

€f� cðpw00 � p2fÞ � bcðpw00 þ f00Þ ¼ 0. (30)

In the above equations, the superscript asterisk (*) is deleted for simplicity of notations and the prime and
dot represent differentiations with respect to y* and t*, respectively. The corresponding dimensionless
boundary conditions are given by

u ¼ u0 ¼ v ¼ w ¼ w0 ¼ f ¼ 0 at y ¼ 0; 1. (31)

In order to find approximate solutions in a finite-dimensional function space, the nonlinear equations of
motion, given by Eqs. (27)–(30), are discretized with the assumption that the solutions are linear combinations
of some basis functions. The radial, circumferential, out-of-plane and twist displacements can be expressed as

uðy; tÞ ¼
XN

n¼1

unðyÞxu
nðtÞ; vðy; tÞ ¼

XN

n¼1

vnðyÞxv
nðtÞ; wðy; tÞ ¼

XN

n¼1

wnðyÞxw
n ðtÞ; fðy; tÞ ¼

XN

n¼1

fnðyÞx
f
n ðtÞ, (32)

where N is the total number of the basis functions; xu
nðtÞ, xv

nðtÞ, xw
n ðtÞ and xf

n ðtÞ are functions of time to be
determined; and un(y), vn(y), wn(y) and fn(y) are the basis function or the comparison functions defined as
follows:

unðyÞ ¼ wnðyÞ ¼ cosh lny� cos lny�
cosh ln � cos ln

sinh ln � sin ln

ðsinh lny� sin lnyÞ, (33)

vnðyÞ ¼ fnðyÞ ¼
ffiffiffi
2
p

sin npy (34)

in which ln satisfies

cosh ln cos ln � 1 ¼ 0. (35)

Eqs. (33) and (34) are well-known eigenfunctions for the bending and axial vibrations of a straight beam,
respectively [19].

Discretized equations are obtained by applying the Galerkin method to Eqs. (27)–(30) with the series
solutions of Eqs. (32). These discretized equations can be represented by a vector equation given by

M €xþ 2UG _xþ ½KþU2Hþ _UG�xþNðxÞ ¼ U2f0 þ _Uf1, (36)

where M is the mass matrix, G is the matrix related to the gyroscopic force, K is the structural stiffness matrix,
H is the matrix related to the centrifugal force of fluid, N(x) is a nonlinear force vector, P0 and P1 are the
external force vectors due to the fluid flow, and x is an unknown vector given by

x ¼ fxu
1;x

v
1;x

w
1 ;x

f
1 ; . . . ;x

u
N ;x

v
N ;x

w
N ;x

f
Ng

T. (37)

The sizes of all the matrices are 4N � 4N and the sizes of all the vectors are 4N � 1.

4. Stability analysis

A perturbation method is used in this study to obtain the steady-state equation and the perturbed equation
for the semi-circular pipe conveying harmonically oscillating flow. When using this method, the displacement
vector may be represented by the sum of a steady-state solution and small perturbation:

xðtÞ ¼ x0 þ Dx, (38)

where x0 is the steady-state solution and Dx is the small perturbation. The harmonically oscillating fluid
velocity can be expressed as

U ¼ U0ð1þ � cos OtÞ, (39)
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where U0 is the mean value of the fluid velocity, O is the fluctuation frequency of the fluid velocity, and e is the
amplitude of velocity fluctuation. It should be noted that the excitation parameter e is a small quantity,
because the velocity fluctuation is much smaller than the mean value. Substituting Eq. (38) into Eq. (36), the
following matrix–vector equations are obtained:

½KþU2Hþ _UG�x0 þNðx0Þ ¼ U2f0 þ _Uf1, (40)

MD €xþ 2UGD _xþ ½Kþ Tðx0Þ þU2Hþ _UG�Dx ¼ 0, (41)

where T(x0) is the tangential stiffness matrix given by

Tðx0Þ ¼
qN

qx

����
x¼x0

. (42)

It should be noted that Eq. (40) is for the steady-state solution while Eq. (41) is for the small perturbation
from the steady state.

Using the Floquet theory, the stability of the semi-circular pipe with harmonically oscillating flow is
analyzed for variations of the oscillating frequency and amplitude of the velocity fluctuation. Eq. (41) may be
rewritten as

_y ¼ Fy, (43)
Ω
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Fig. 2. Stability diagram for a curved pipe with harmonically oscillating flow when U0 ¼ 2.
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Fig. 3. Stability diagram for a curved pipe with harmonically oscillating flow when U0 ¼ 4.
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where

y ¼
Dx

D _x

� �
; F ¼

M 0

2UG M

� ��1 0 M

�K� Tðx0Þ �U2H� _UG 0

" #
. (44)
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Fig. 4. Stability diagram for the curved pipe with harmonically oscillating flow when U0 ¼ 6.
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Fig. 5. Fluid velocity profile used in computation of the time responses.
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Since F is a periodic function of time, the stability of the solution of Eq. (43) can be analyzed by the Floquet
theory. Denoting the fundamental set of solutions by U, this fundamental matrix solution satisfies

_U ¼ FU. (45)

Since Fðtþ TÞ ¼ FðtÞ where T is the period, Uðtþ TÞ is also a fundamental matrix solution, which is related
to UðtÞ by

Uðtþ TÞ ¼ AUðtÞ. (46)

In general, the Amatrix can be obtained by a direct time integration method. If the absolute values of all the
eigenvalues of A are less than or equal to 1, the solution of Eq. (43) is stable. Otherwise, the solution becomes
unstable.
0
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Fig. 7. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point A in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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In the computations of this study, the following values are used: m ¼ 0:5, a ¼ 10; 000, b ¼ 0:75 and
c ¼ 7000. The parametric instability regions in the (O, e)-space are shown in Figs. 2–4, where the hatched
sections represent an unstable region and the unhatched sections represent a stable region. Figs. 2–4 show the
instability regions when U0 ¼ 2, 4 and 6, respectively.

It can be seen from Figs. 2–4 that the instability is not related to the in-plane natural frequencies but is
related instead to the out-of-plane natural frequencies. In these figures, o1 and o2 are the natural frequencies
for the out-of-plane motion of the semi-circular pipe. As mentioned previously, the term out-of-plane motion
refers to motion in the transverse or z-direction while the term in-plane-motion refers to motion in the xy-
plane. From the fact that the natural frequencies for the in-plane motion do not appear in Figs. 2–4, it may be
deduced that the unstable motion of the pipe is directly related to only the out-of-plane natural frequencies.
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Fig. 8. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point B in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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It is observed in Figs. 2–4 that motion of the semi-circular pipe may become unstable when the fluctuation
frequency O approaches some multiples or sum of the out-of-plane natural frequencies. As shown in Fig. 2, the
instability in motion of the pipe occurs at Offi o1, 2o1 and 2o2 when the mean value of the fluid flow is given
by U0 ¼ 2. Fig. 3 shows that the instability occurs at the fluctuation frequency corresponding to o1+o2 in
addition to o1, 2o1 and 2o2 if the mean value increases to U0 ¼ 4. It can be seen from Fig. 4 that the pipe with
U0 ¼ 6 has one more fluctuation frequency of instability, 2/3o1, compared to the pipe with U0 ¼ 4. However,
the motion of the pipe is not unstable when the fluctuation frequency is in the neighborhood of the second out-
of-plane natural frequency, o2.

It is useful to investigate the influence of the mean value of the fluid flow on the instability in the motion
of the semi-circular pipe. Figs. 2–4 show that the number of the fluctuation frequencies at which instabi-
lity occurs increases with the mean value of the fluid flow. In addition, the instability regions grow in the
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Fig. 9. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point C in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.



ARTICLE IN PRESS
D. Jung et al. / Journal of Sound and Vibration 315 (2008) 100–117 111
(O, e)-space as the mean value of the flow increases. Finally, it is interesting that the amplitude of
velocity fluctuation e has an effect on the stability for the motion of the semi-circular pipe. If e is very
small, the pipe cannot be unstable for any values of U0 and O. However, as e becomes large, the instability
tends to happen more easily. Furthermore, the range of O for which instability occurs increases with the value
of e.

The stability analysis for the semi-circular pipe with the harmonically oscillating flow is verified by
investigating the time responses of the semi-circular pipe. These time responses are obtained by using the
generalized-a time integration method [16], where the dimensionless time step size is chosen as 0.002 and the
algorithmic parameters without numerical dissipation are adopted. Zero initial conditions of xð0Þ ¼ _xð0Þ ¼ 0
are imposed and a unit impulsive pressure is applied to the pipe. The time responses for the in-plane and
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Fig. 10. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point D in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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out-of-plane displacements are computed at the middle point on the pipe centerline. The harmonically
oscillating fluid velocity is prescribed as

UðtÞ ¼

U0ð1þ �Þ

2
t�

sin pt

p

� 	
for 0ptp2;

U0½1þ � cos Oðt� 2Þ� for tX2:

8><
>: (47)

The velocity profile is presented in Fig. 5, which shows that the velocity smoothly increases from zero so as
to avoid a sudden change in velocity from zero to the mean value. The time responses of the semi-circular pipe
with harmonically oscillating flow are computed for the values of (O, e) corresponding to six points (described
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Fig. 11. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point E in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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below) in Fig. 6, where the mean value of the fluid velocity is given by U0 ¼ 4. The values of (O, e) for the six
points are A (15.2, 0.15), B (16.4, 0.2), C (29.0, 0.1), D (33.0, 0.1), E (69.5, 0.25) and F (105.0, 0.1). Note that
the points A and C are in the stable region while the points B, D, E and F are in the unstable region.

First, the time responses of the pipe with U0 ¼ 4 are investigated when O is in the neighborhood of o1. With
the values of O and e corresponding to the two points A and B of Fig. 6, the time responses of the radial,
circumferential and transverse displacements and the twist angle are presented in Figs. 7 and 8, respectively.
As shown in Fig. 7, when O and e have the values of the point A, all the displacements and the twist angle are
bounded. This means that the semi-circular pipe with small velocity fluctuation can be stable even though the
fluctuation frequency coincides with the first out-of-plane natural frequency. However, Fig. 8 depicts that the
transverse displacement w and the twist angle f diverge as time increases when the values of O and e
correspond to the point B. These two figures verify the stability analysis around O ¼ o1 of Fig. 6, in which the
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Fig. 12. Time responses of a curved pipe with U0 ¼ 4 when O and e have values of the point F in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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point A is in the stable region but the point B is in the unstable region. It is also shown in Fig. 8 that the
in-plane displacements u and v do not diverge with time even if the values of O and e are in the unstable
region.

Similarly, the stability analysis results around O ¼ 2o1 are examined with the time responses of the pipe.
Figs. 9 and 10 show the time responses of the pipe when O and e have the values of the points C and D,
respectively. As predicted by the stability analysis, the time responses of all the displacements are bounded
for the point C while the response of the transverse displacement and the twist angle are unbounded for the
point D.

Next, the stability of the pipe is checked by the time responses when O is around ðo1 þ o2Þ=2 or 2o2. For
verification, the responses of the pipe are investigated for the two points E and F of Fig. 6. These two points
are in the unstable region. Figs. 11 and 12 demonstrate the time responses of the displacements for the values
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Fig. 13. Time responses of a curved pipe with U0 ¼ 6 when O and e have values of the point A in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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Fig. 14. Time responses of a curved pipe with U0 ¼ 6 when O and e have values of the point C in Fig. 6: (a) the radial displacement,

(b) the circumferential displacement, (c) the transverse displacement, and (d) the twist angle.
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of O and e corresponding to the points E and F, respectively. From these figures, it can be seen that the
transverse displacement and the twist angle of the pipe are unbounded if time increases. In other words,
similar instability shown in Figs. 8 and 10 occurs in Figs. 11 and 12.

Finally, it is interesting to observe the time response of the pipe with U0 ¼ 6 when O and e possess the values
for the points A and C in Fig. 6. These two points are in the stable region when U0 ¼ 4, as shown in Fig. 6;
however, they come into the unstable region if U0 increases to 6. This fact can be confirmed in Fig. 4 which
shows the stability region for U0 ¼ 6. The time responses corresponding to the points A and C when U0 ¼ 6
are illustrated in Figs. 13 and 14. As predicted by Fig. 4, the transverse displacement and the twist angle
diverge with time. Therefore, it can be seen that the behaviors of the time responses are in agreement with the
stability results.
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5. Conclusions

The dynamic stability of the motion of a semi-circular pipe is analyzed when the pipe conveys harmonically
oscillating fluid. In this study, the semi-circular pipe is modeled as an extensible Euler–Bernoulli beam with a
geometrical nonlinearity. Based on this model, four equations of motion are derived, which describe the radial,
circumferential and transverse displacements and the twisting angle. These equations are discretized by
applying the Galerkin method. A stability analysis is performed by using Floquet theory after applying a
perturbation method. The results of the stability analysis are verified by time responses computed at several
points on the stability diagram.

The results of the stability analysis can be summarized as follows:
(1)
 The out-of-plane natural frequencies of the pipe have an influence on the stability while the in-plane
natural frequencies do not.
(2)
 The semi-circular pipe may become unstable when the fluctuation frequency O approaches some multiples
or sum of the out-of-plane natural frequencies, for instance, in addition to o1, 2o1, 2o2, 2=3o1 and
o1 þ o2.
(3)
 The pipe is stable even when the fluctuation frequency is equal to the second out-of-plane natural
frequency, o2.
(4)
 The number of fluctuation frequencies for which instability occurs increases with the mean value of the
fluid velocity.
(5)
 The instability regions grow in the stability diagram as the mean value of the velocity of flow increases.

(6)
 For very small values of e, the pipe may be stable regardless of the values of U0 and O.

(7)
 The range of O in which instability occurs has a tendency to increase with the value of e.
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